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The dynamics of a tethered satellite system (TSS) during deployment and retrieval in orbit are considered. The system consists 
of a space station and a second body (a sub-satellite) connected to it by a tether. The station and sub-satellite are assumed to 
be point masses whose mass centre describes an unperturbed Kepler orbit. Deployment/retrieval schemes are defined in which 
the ordinary differential equations with variable coefficients that describe small spatial oscillations of the system can be solved 
by analytical means. An intermediate scheme, generalizing the previously proposed conventional scheme and the crawler scheme 
[1] and which has certain advantages, is obtained. © 2001 Elsevier Science Ltd. All rights reserved. 

The use of a tethered satellite system (TSS) has been proposed for solving a large number of space 
dynamics problems, such as guaranteeing the return of astronauts working in free space, the construction 
of long antennas, the performance of experiments in the upper atmosphere, etc. [2]. Our main attention 
in this paper is devoted to investigating the oscillations of a system consisting of a space station and a 
second body (a sub-satellite) connected to it by a tether, during deployment and retrieval. Such a system 
may experience large vibrations which destabilize the whole system [3, 4]. In addition to the linear and 
exponential laws considered previously for the variation of the tether length, new laws have been 
proposed [1]; the nature of the oscillations developed under these laws has been compared, and in 
addition to the conventional scheme a crawler scheme has been proposed, in which the sub-satellite 
crawls along a tether deployed in advance for its whole length. 

The aim of this paper is to investigate the behaviour of a system with an intermediate deployment/ 
retrieval scheme, which generalizes the conventional and crawler schemes. 

1, F O R M U L A T I O N  OF T H E  P R O B L E M  

Consider a TSS consisting of a space station and a second body (a sub-satellite) moving along a straight 
tether of variable length L(t) .  The space station and sub-satellite are assumed to be point masses M1 
and M2 of masses rn 1 and m2 and S(t) ~ L(t)_ is the distance between the points M1 and M2. Assuming 
that the tether is deployed from the space station, we will assume that the mass m 2 of the sub-satellite 
is constant, while the masses m a and m 3 of the space station and tether depend on time. This leads to 
the relations 

B I + B 2 + I . t 3 = I ,  ~l-l+~t3=0, ~t3=l. t3L/L (1.1) 

m3=PL, Bi=mi/m, i=1,2 ,3  

where 13 is the density of the tether and m is the (constant) total mass of the system. We shall assume 
that the mass centre G of the system is moving in the equatorial plane of Earth. We introduce polar 
coordinates v and R (R = OG, where O is Earth's centre) in the orbital plane. Two angle 0 and q) define 
the angular position of the tether in the orbital coordinate system Gxyz (y is the local vertical andx the 
normal to the orbital plane (Fig. 1)). The kinetic energy of the system is 

T = 2 {R2 + S2A[(0 + v)2 cos 2 ~0 + ~2 ] + B,~2 + B3[( 1 _ B3)L - 2B2S ] } (1.2) 

"~PnkL Mat. Mekh. Vol. 65, No. 4, pp. 705-713, 2001. 

689 



690 M. Pascal et al. 

z /OM, r /.y 

Mz 

Fig. 1 

/ 

where 

A=Plla2+ gJ+g2 3 J \ S J  -g21a3 L - 1  ' B=l't2(~l'l+~l'3) (1.3) 

The potential energy of the gravitational forces in the satellite approximation is (fis the gravitational 
constant) 

;I ] V = -  1 + - ~ T  (3 cos2 e cos2 q0 - 1) (1.4) 

The kinetic and potential energies [1] of the system with the conventional deployment/retrieval scheme 
and the crawler scheme may clearly be obtained from formulae (1.2)-(1.4) by setting L(t)  = S(t) for 
the conventional scheme and L = const for the crawler scheme. 

The equations of motion of the system with the intermediate scheme will be written in the form of 
Lagrange's equations 

d dT a ( T -  V) 
dt agli aq i = Qi, qi =(R,v,S,L,O,q~) r (1.5) 

where Qi are generalized non-potential forces (attitude-control forces, air drag, etc.). 
Let us assume that the mass centre of the system is moving in an elliptical orbit: 

h 2 
R = f ( l + e c o s v ) ,  R29=h (h,e=const, e < l )  (1.6) 

and introduce the following notation (throughout, the prime will denote differentiation with respect 
to v) 

7," 3 
~ = l + e c o s v ,  G=--z-, ~ - _  , S(v)=Sc~-J-A (1.7) 

p S(0) 

0._- Qo 0,= o, 
mS2 A,Q2 ' mS2 A92 

Then the spatial angular oscillations of the tether will be defined by equations 
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0" cos 2 ha + 2t3(0' + l)cos 2 qo- ~0"(0" + 1)sin(2~0)+ ~ 3  cos2 qo sin(20) = (~o 
2c~ 

cp" + 2(~cp" + (0" + I) 2 sin (2tp) + 3--~-cos2 0sin (2t 0) = 0_~ 
2 2lJ 

(1.8) 

2. P A R T I C U L A R  D E P L O Y M E N T / R E T R I E V A L  LAWS 
IN A C I R C U L A R  O R B I T  

Assuming that the mass centre G is moving in a circular orbit (e = 0) at constant angular velocity 
co (v = tot), we obtain the linearized equations of small oscillations of the tether in the neighbourhood 
of the local vertical from Eqs (1.8) by setting 0 ,~ 1 and q0 ,~ 1: 

O" + 2(~(0' + I)+ 30 = 0o, q0" + 2t3t0' + 4tO = 0.~ (2.1) 

In the intermediate deployment/retrieval scheme, as in the case of the conventional and crawler 
schemes [1], one can choose special laws governing the variation of the tether length L(t) and the 
displacement of the sub-satellite S(t) along the tether, so as to obtain an analytical solution of system 
(2.1). 

Let (~ be a solution of the following differential equation (~ < 3 is an arbitrary constant): 

t~'+ t72 =15 

Then small spatial oscillations of the tether are defined by the formulae 

(2.2) 

0 = - 2 ( ~  + / [ C s i n ( 8 ° v +  ~°l)+ ~ [  J Pl. sin(8°(v - "))0-~ (')a'x] 

~o ;v ~))~(~)dx] (2.3) 

where C, D, (Pl and ~o2 are arbitrary constants. From Eq. (2.2) we obtain the following differential 
equation for/3(v) 

V ' -  ~ = o, ~(o) = 1 (2.4) 

As in the cases of the conventional and crawler schemes, we choose some special forms of/3(v) 
depending on the sign of 8 (hyperbolic, exponential, linear sinusoidal relations 

s h ( v f ~ ( !  - X))+ 131 sh (vl-~x) 
> 0, /3by p =.,  sh(vl'x/~) 

~i = ~2(0), tSex p - - ~  
- p/ 

a = 0, P~i, = I + (Pl - l)x 

8 < 0, Psi, = si'n(v/~2-g(1 - x)) + ~f sin(v/4~'~x) 
sin(v/@--g) 

~ : = x p  : , p : = S l / S o, x = ~ f ~ i  / a o 

x = v / v / ,  v / = t o t /  

(2.5) 

where tf is the total deployment or retrieval time from the initial state So, L0 to the final state Sf, Lf; Ao 
and A/are  evaluated by_formula (1.3) for So, L0 and Sf, Lf, respectively. 

The initial values of G are obtained from (2.5) 
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G 

q-g 15,- - ch(vc.qg) 8 > 0  
sh(vi. , /g ) ' 

~ -____2, ~s = o 
v/  

/~I - c ° s ( v I ' f 2 - g )  8 < 0 
sin(v/w/7~) ' 

(2.6) 

Hence it follows that, for fixed values of vf, the value of 00 is proportional to the final value/3 of/3 7 • 
As before [1], for a monotone variation oft3 the constant 8 must be chosen in the range [81 +, 8~-] for 

deployment (/3f > 1) and in the range [8~, 8)] for retrieval (fit" < 1), where 

8 ~ = -  arccos 1 , 8 2 =  A rch ~  1 (2.7) 

Using formulae (2.5) for/3, we can derive corresponding formulae for the variation of the tether length 
q(t) = L(t ) /L o and the displacementp(t)  = S(t)/S o of the sub-satellite, using the equation 

Ap 2 - A0/32 = 0 (2.8) 

Introducing the notation 

_ So ~to p &  
K - ~ ,  3 = 

R = ~1.2(1 - - ~ 2 ) ,  [3(q) = K~2~°q 2, 2 0 3  I 1 o 
Y(q)= K ~t3q ( - ~ - - ~ , 3 q )  

we express A and Ao in the form 

A = ot - ~,(q), + Y(q) P - 7 ,  Ao =Alp=q=, (2.9) 

Assuming that q(t), governing the variation of tether length, is known, the displacement p(t) of the 
sub-satellite along the tether is determined from the equation 

(lip 2 - ~ p + y - A o P  2 = 0 (2.m) 

When v = 0 and q = 1, one of the roots of Eq. (2.10) isp = 1; when v = vf, q = qf, one of the roots 
is p = pf. Hence we obtain the following formulae for the values A 0 and hf of the discriminant A of 
Eq. (2.10) at the initial and final times 

K 012 ~0 = [292(1 -  g 2 ) -  ~293 (2.11) 

K 0 2]2 Ay = [ 2 9 2 ( I - g 2 ) p / -  [-t2~3qt" 

In order to obtain an admissible solution of Eq. (2.10), a few additional conditions must be satisfied. 
For the solution to be real, the discriminant must be positive for 0 ~< v ~< v. In addition, the solution 
must satisfy the inequality 

0 <p < Kq (2.12) 

and, finally, only monotone forms of variation of p are suitable. In the next section, deployment/ 
retrieval schemes for which all these conditions are satisfied will be investigated. 
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3. NEW D E P L O Y M E N T / R E T R I E V A L  S C H E M E S  

We will investigate a deployment scheme S+/L - corresponding topf  > 1, qy < 1 (the distance between 
the space station and the sub-satellite is increased as the tether is retrieved), and a retrieval scheme 
S-/L*corresponding topf  < 1, qf > 1 (the distance between the station and the sub-satellite is reduced 
as the tether is deployed). 

In both cases it is assumed that the variations of/3, p and q are monotone, and the increments to/3 
and p have the same sign. This implies the conditions 

S+IL - : ~ ' > 0 ,  p ' > 0 ,  

S - / L + : ~ ' < O ,  p ' < 0 ,  

Bearing in mind that 

q" <O 

q'>O 

lx°q - 1 + ~t 2 = I.t 3 - 1 + I.t 2 = -It  I 

we obtain the following expression for the derivative of the discriminant of Eq. (2.10) 

A" = --4K2p.2kt° q2 q'[.I,! + 8~2(1 - ~ 2 ) A o ~ '  

Hence it follows that 

and, by formulae (2.11), we obtain 

that 

S+IL- :  A'>0 ,  S- IL+:  A ' < 0  

S+IL - : 

S - /L÷  : 

The two solutions of Eq. (2.10) are given by 

0<Ao~<A~<Af  

0 < A f  ~< A ~  < A o 

(3.1) 

P±= 2or (3.2) 

The solution p_ is not suitable, since it follows from the formula 

p,_= 13' A' 1~" = 

2Ct 4ot~-A ' 2Kg2~t~qq" (3.3) 

S+/L- :  ~ ' > 0 ,  q ' < 0 ,  A" > 0:=~ p'_ < 0 

S- /L+:  ~ ' < 0 ,  q ' > 0 ,  A" <0  =~ p'_ >0  

Only the solution p+ remains. We can prove that p+ varies monotonically provided that the space 

For both schemes S+/L - and S-/L +, the functionp2 is monotone, its increments having the same sign 
as/3. 

Assuming that So < L0 and Sf < Lf, we get 

S+IL-: So < S < Sf < Lf < L 

S-/L+: Sf < S < S o < L o < L  

and in both cases S(v) <<- L(v) for 0 ~< v ~< yr. 

p+ =[p2(l+b)-bq3lY2, b= K 2 ~t~ (3.4) 
31.t2 

station has large mass. If ~2 ":~ 1, ~3 "~ 1, an approximate value of p+ is 
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4. COMPARISON OF THE NATURE OF OSCILLATIONS SYSTEMS IN 
D I F F E R E N T  D E P L O Y M E N T / R E T R I E V A L  PROCEDURES 

For a circular orbit, the spatial motion of the tether will be determined by Eqs (1.8), in which we put 
o = 1, neglecting the quantities Q0 and Qe and also putting (~ = S/S, S = S~/A, whereA takes different 
values, depending on the formulae chosen for the variables defining the deployment and retrieval 
processes: 

for the conventional scheme 

(,1) A --- A L =g2 ( I -g2 )+~3  "3-4"~3 -~31-I'2 , ~J'3 mID S(t)m (4.1) 

for the crawler scheme (L = const, S(t) <~ L) 

13('4 1 "1 L L 
A -- As =l.t2(I-g2)+l.t3--~L-~--~t3 J -g3g2-  ~, g 3 = p ~  (4.2) 

for the intermediate scheme, A is defined by the first expression in (2.9) 

A -ALs 

The behaviour of systems with these deployment/retrieval schemes can be compared qualitatively, 
by choosing the ratio X = fif/p£ as the criterion [1]. 

Equations (1.8) have the particular solution 

0 = 0  o, 0 '=cp=cp '=0 

The constant 00 is defined by the formula 

4S" 4.b' 
sin 200 =---4 ~; = -----= = 

3 3 S 3 ~, (4.3) 

For motion at a constant angle of deviation of the deploying tether [5], we obtain from (4.3) 

3 
In ~y = - ~ v f  sin 200 (4.4) 

Assuming that pf and vf have the same values for all three schemes conventional, crawler and 
intermediate schemes), the resultant deviations of the tether from the local vertical may be compared 
by using the values obtained for 00 

S+IL-: p f > l ,  ~y=Xpy>l ,  Isin20ol= 

S-/L+: p i < i ,  

4 In(Xpf) 
3 vf 

pf = Xpf < 1, 0 < sin 200 = 
4 In(Xp I) 
3 vf 

Hence it follows that, in order to reduce the amplitude of oscillations 0 0 in deployment, the quantity 
X should be reduced; to achieve the same effect in retrieval, it should be increased. 

An estimate of the effect of the tether's mass on the behaviour of the system shows it to be very small 
[5]. 

Below we will estimate the dynamic characteristics of the system in deployment and retrieval by 
comparing the value of X for the intermediate scheme and the crawler scheme, on the one hand, with 
the conventional scheme, on the other, assuming that the tether is massless (X = 1). Assuming that 
the mass rnl of the space station is large compared with the mass rn2 of the sub-satellite, we can define 
the quantity X = fif/p/for the crawler scheme and intermediate scheme by the formulae 
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2 2 31.t2SdP f +B3L 2 392P} +g°K2q3 I 
X -  X s = p~(3P.2Sg +l.t3L2), X-= X/s = P~(3B2 + g ° K 2 )  (4.5) 

o r  

.0K2 ( 3 _ p~) 
g3L2(l - P~) X / s _ l =  P'3 qf (4.6) 

X s - I =  p~(3gzS02 + la3f f ) '  p~(392 + g ° K 2 )  

Hence, for the deployment procedure (S+/L-,pf > 1) we obtainXs < 1, and for the retrieval procedure 
(S-/L+,pf < 1) we obtainXs > 1. Thus, the behaviour of the system with the crawler scheme is better 
in both cases than its behaviour with the conventional scheme and a massless tether. For the intermediate 
scheme, in deployment (S+/L-,pf > 1, qf < 1) the condition XLS < 1 is satisfied, and in retrieval (S-/L +, 
pf < 1, qf > 1), the condition Xas > 1, that is, the behaviour of the system with the intermediate scheme 
is better in both deployment and retrieval than with the conventional scheme. 

We will now compare the intermediate scheme with the crawler scheme: 

Xts - Xs = 1 +_____aa 1 + a I (4.7) 
I + b  l + b  I 

0 . -2  3 p.3/~ q /  l~.3L 2 0 2 I.I.3 K g 3  L2 
a = 31a2p~ a l  = 2 2 , b = ~ ,  b I = - -  

' 3~1.2S ~ Pf 31.1.2 3122S02 

For the deployment procedure (S÷/L -, pf > 1, qf < 1), we will assume that the final length Lf of the 
tether in the intermediate scheme is the same as its constant length L in the crawler scheme, and that 
the initial positions So of the sub-satellite are the same; then a = al, b > bl. 

Consequently, in deployment we have XLS < Xs. 
For the retrieval procedure (S-/L+,pf < 1, qf > 1), let us assume that the initial length L0 of the tether 

in the intermediate scheme is the same as the length L of the tether in the crawler scheme, and that 
the values of So are the same; then b = bl, a > al. 

Consequently, in retrieval we have XLS > Xs. 
Thus, in both cases, the behaviour of the system with the intermediate scheme is better than with 

the crawler scheme. 

5. N U M E R I C A L  R E S U L T S  

A numerical investigation of a system with an intermediate deployment/retrieval scheme was carried 
3 out for the following parameter  values: total mass of the system m = 5 x 10 kg, mass of the sub-sateUite 

-4 m 2 = 850 kg, linear density of the tether 13 = 7.5 x 10 kg/m, deployment corresponds toPi = 10 and 
retrieval corresponds topf  = 0.1. For both procedures S-/L + and S+/L -, the tether length q is assumed 
to vary exponentially. 

q = exp(Kiv), K/= v~ I In qf 

The form of L and S in retrieval S-/L ÷ as functions of the number N of orbital revolutions of the 
satellite mass centre is shown in Fig. 2. The upper curve is that of L(t); the other curves, from top to 
bottom, represent Ssin(t), Stin(t), Sexp(t) and Shyp(t). In deployment S~-/L -, the functions L and S are 
obtained by replacing t by t f -  t. 

To compare the behaviour of systems with the usual conventional deployment/retrieval scheme, crawler 
scheme and intermediate scheme, we assume that in deployment of the tether the same final tether 
length is chosen in all three schemes, and in retrieval, the same initial tether length (see the table). 

Equations (1.8) were integrated numerically over a time interval corresponding to 20 orbital revolu- 
tions of the satellite; it was shown that the nature of the oscillations is qualitatively the same in all three 
deployment/retrieval schemes. 
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So, km Sf, km Lo, km Lf, km pf  /3y 

The conventional scheme 
The crawler scheme 
The intermediate scheme S+/L - 

The conventional scheme 
The crawler scheme 
The intermediate scheme S-/L + 

Deployment of the system 

10 100 10 10 
10 100 100 100 10 4.850 
10 100 150 100 10 2.869 

Retrieval of the system 

100 10 0.1 0.1 
100 10 100 100 0.1 0.2062 
100 10 100 150 0.1 0.3485 

As  to the  a m p l i t u d e s  o f  the  osci l la t ions  that  deve lop ,  the  fol lowing observa t ions  are  in order .  
In  dep loymen t ,  the ampl i tude  of  the  osci l la t ions in the orbi ta l  p lane  of  a system with the  in t e rmed ia te  

scheme is a few t imes  less than  for a system with the  conven t iona l  and  crawler  schemes.  The  ampl i tude  
o f  the  osc i l la t ions  out  of  the orb i ta l  p lane ,  however ,  is of  the same o r d e r  o f  magn i tude  for  all th ree  
schemes.  

In  re t r ieval ,  the  ampl i t udes  of  the  final osc i l la t ions  both  in the orbi ta l  p l ane  and out  of  it are  
cons ide rab ly  less for  the  i n t e r m e d i a t e  scheme than  for  the  o the r  two schemes.  

We wish to t h a n k  S. Ya. S t epanov  for  t rans la t ing  this p a p e r  and for  va luable  comment s .  
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